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UDC 536. 12 

An approximate solution is given for the problem of the temperature 
distribution in an infinite hollow cylinder at small Fourier numbers. 

The t e m p e r a t u r e  field u(r,~-) in an inf ini te  hollow 
cy l inder  whose inner  and outer  su r faces  a re  held at 
the constant  t e m p e r a t u r e  t 1 is de t e rmined  by the dif-  
f e ren t i a l  equation 

Ou ( 02u l Ou ) 
a - - 4  . . . .  ro ~ r / R ,  (1) 

d ~ Or 2 r Or 

with the boundary  and in i t i a l  condit ions 

u(ro, x ) =  t 1, (2) 

u ( R ,  -~) = h ,  (3) 

u (r, 0) = t i .  (4 )  

The solut ion of the problem [1-3]  is in the form of 
an infini te  s e r i e s ,  which converges  rapid ly  only for  
suff ic ient ly  la rge  values  of the F o u r i e r  n u m b e r  
Fo = a7/r2o . However, when the t ime f rom the be-  
ginning of the process  is ve ry  shor t ,  the number  of 
t e r m s  of the s e r i e s  r equ i red  for  convergence is so 
l a rge  that the use of this solut ion becomes i m p r a c -  

t ical .  
As has been  pointed out by A. V. Lykov [2,3] the 

method of infini te  Laplace t r a n s f o r m s  makes it pos-  
s ib le  to obtain solut ions  to t r a n s i e n t  heat  t r a n s f e r  
p rob lems  in di f ferent  fo rms ,  and in p a r t i c u l a r  
in fo rms  appropr ia te  to sma l l  F o u r i e r  number s .  
Applying the Laplace t r a n s f o r m  to (1), taking ac-  
count of (45, we obtain an o rd ina ry  d i f fe ren t ia l  equa-  
t ion for the t r a n s f o r m e d  t e m p e r a t u r e ,  whose so lu-  

t ion is 

u(r,  p ) - -  ti/p = e f t ,  (] /~-ar)  - 4 - C ~ K o { V p , ~ r ) .  

The t r a n s f o r m e d  boundary  condit ions are  

u(co, P) = tJp, 

u (R, P) = t,/p. 

Taking account of these boundary  conditons,  we obtain 

the t r a n s f o r m e d  solut ion 

u - -  P -- p f i ~  ~-  ro N 

x Ko [,o (lfl  @o R)- 

-oL1, 7 
To find a solut ion which would be appropr ia te  for  
sma l l  F o u r i e r  n u m b e r s ,  we use  the asymptot ic  ex-  
pansions  of the modified Besse l  funct ions,  

e x p x  V ~ e x p ( - - x )  
lo(x) - ] / ~  f(x), / (o(X) = d ~  , (55 

whe re 

1 9 
f (~)  = 1 ~- -fix + - -  + ' 128x 2 " 

In t roducing  the notat ion 1/p~ = q we obtain af ter  some 
s imple  t r ans fo rma t ions  

- t i  t l - - t i  [ s h ( q R - - q r )  / /  r-~- f(qr) _~_ 
U - -  - -  - -  

p p sh (qR - -  qro) I r f (qro) 

sh(qr--qro) ~ / - - R  f(qr) ] + 
- - - - -  V sh (qR - -  qro) 

Replacing sh (qR - qr) and sh (qr - qr0) by the i r  ex- 
p r e s s ions  in t e r ms  of exponent ia ls ,  and expanding 

the function 1 /sh  (qR - qr0) in a s e r i e s ,  we obtain 

- t i  _ t , - q l  / - T f ( q r )  
" , 

�9 ~ [exp (qR - -  qr - -  (2n - -  1) q (R - -  ro)i - -  

- -  exp  ( - -  qR -~ qr - -  (2n - -  1)q (R - -  to)') 1 + 

§ f (qR) ,=x 

e x p ( - - q r + q r o - - ( 2 n - -  1 ) q ( R - - r o ) ) ] } ,  (6) 

If we take only three  t e r m s  of f(x), then, accord ing  to 
[2], we can wri te  the ra t ios  of such functions in the 

form 

9r~ - -  7r ~ - -  2r~r 
f (qr5 _ 1 + ro--____~_r + _~ . . ,  
(qro5 8qro r 128q ~ r~ r = 

f(qr) _ 1 +  R - - r  + 9R 2 - 7 r  2 -  2Rr ~_ . . .  (7) 

f (qR) 8qRr 128q 2 R = r ~ 
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Subs t i tu t ing  (7) in (6) and t r a n s f o r m i n g  b a c k  to the 
o r i g i n a l  v a r i a b l e s ,  we obta in  the so lu t ion  (in d i m e n -  
s i o n l e s s  fo rm)  

O , =  u - - q  = l + V ~ _ ~ ] [ e r [  c 2n(k-- l )+ l--r/ro 
t i  - t ,  2 - i  

--erfc 2n(k- -1)+  1--2k+r/ro ] 
- 2 l/F'--o -J-I// k rOr X 

y, i [eric 2n(k--1)--k+r/ro 
.=, 2 g ~  

- - e r i c  2n(k--l)@ 2--k--r/ro ] 
2 VF~ + 

++~I/~~163176 --l)~n~=l~ r 2~ 

-- ierfc 2n (k --  1) + 1 - -  2k + r/ro ] 
2 , / F  ~ j + 

/ r O  ( r~ dT)x 
X ~ , [ i e r f c 2 n (  k - 1 ) - k + r / r o  

.=1 21/@-o 

--  ierfc 2n (k -- I ) + 2 -- k--  r/ro ] 
2 ]/-F--o J + 

- , 

+ [ - ~ 2  F ~ 1 7 6  32 

- - _ _  ( ro / 2 | / r _ ~ ]  • 1 Fo\  r / - -  r-~j 
16 

X ~ ]  [Perle 2n(k--l)+l--r/ro2 ~:F"o 

--  i%rfc 2n(k-- 1)+  1 --2k+r/ro) ] 
2 ] /~  J 

2 l '-k- "' 
L32 \ r ] I / r 32 -~ r 

-;-I, 7 o ]  

�9 ~[i"-erfc 2n(k-1)-h+r/r"__ 
,, :L 2 I /Fo  

._i.~erf c 2n(k--l)4-2--k--r/ro_ ] ,  (8) 
2D Fo J 

0 -- U - - t l  
t i - -  t l  

~-! @ 1 . # j ~  [er[ 2n(k--1)-4--;= 2k +r/ro 
.= l  2t/ 

--err 21z(k--211)+Fol--r/ro 1--' ] / /k  ~ rr~ 

=o 
• n~l [e r  f =  2n(k--1)+2--k--r/ro21 ---Fo 

X 

--ef t  2n(k-- 1)--k__ + r/ro ] . (9) 
2 l ' F o  J 

F o r  v e r y  s m a l l  va lues  of Fo  one can use  the f o r m u l a  

0 u - - h  
t i -- tl 

/ ro [ .r/ro--I 1 + 1"  - - / e r l  - - - -  
t r \ 2VF-o 

err 2k - -  1 - -  r/ro ) 
2 V ~  + 

It should be noted that  one cannot  get a b e t t e r  ap -  
p rox ima t ion  by taking m o r e  t e r m s  in (8) and (9), 
as  would be the case  in the analogous p r o b l e m  fo r  
the f ia t  p la te .  This  i s  so because  by us ing  the 
a sympto t i c  app rox ima t ions  for  the modi f ied  B e s s e l  
funct ions (5) we have a l r e a d y  a s s u m e d  that  q = V P ~  
is su f f i c ien t ly  l a rge .  Thus,  s ince  l a rge  va lues  of 
q r  0 in the t r a n s f o r m  plane c o r r e s p o n d  to s m a l l  va lues  
of Fo  in the o r ig ina l  plane,  it would be of no use  
to take m o r e  t e r m s  in (9) i f  Fo  were  not su f f i c ien t ly  
s m a l l .  

It  is  i n t e r e s t i n g  to e s t i m a t e  the upper  value  of 
Fo for  which equat ion (10) would suff ice  fo r  en-  
g inee r ing  ca lcu la t ions .  Compar ing  the exac t  s o l u -  
t ion with the solut ion ca lcu la t ed  f rom (10), we find 
that  these  a g r e e  to four  s ign i f i can t  f igures  fo r  
va lues  up to Fo  = 0.01. Thus,  for  example ,  fo r  r / r 0  = 
1.25, k = 2, and Fo = 0.013 both so lu t ions  y ie ld  
| = 0.8917. F o r  r / r  0 = 1.75, k = 2, and Fo = 0.013 
so lu t ion  (10) y ie lds  | = 0.8707, whe reas  the exac t  
value  is | = 0.8706. Thus,  fo r  Fo  _< 0.01 so lu t ion  
(10) a g r e e s  with the exac t  so lu t ion  to four  s i gn i f i -  
cant  f i gu re s .  

These  r e s u l t s  can be used  to so lve  o ther ,  r e l a t e d ,  
p r o b l e m s .  F o r  example ,  c o n s i d e r  the p rob l e m of 
f inding the t e m p e r a t u r e  f ie ld  in a f ini te  hollow cy l i n -  
d e r  with a l l  s u r f a c e s  held at  the constant  t e m p e r a -  
tu re  t I. The solution to this problem t(r, z, ~) is 
determined by the equation 

where  Fo = ar/r~, k = R / r  0. Re ta in ing  only the  t e r m s  
conta in ing  e r fc  x = 1 - e r f  x, we obtain 

Ot = a ( O2t I Ot 02t) 
o-T Or ~ ~ r Or t-- ~ , (11) 
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whe re 

ro .~r -~ . .R ,  - - l . ~ - z . ~ . . l ,  

with the initial condition 

t (r ,  z, O)= t i 

and the boundary  conditions 
t(ro, z, ~ ) =  tt, (13) 

t (R ,  z, t ) =  tt, (14) 

t (r ,  - -  l, x) = t,, (15) 

t (r ,  l, x ) =  h.  (16) 

It can be eas i ly  shown that the solution to (11)-(16) 
can be obtained f rom the solution of (1)-(4) and the 
solution to the problem 

0v 0~v 
- - =  a - ,  ( 1 7 )  
0 ~ 0z 2 

v(--t,  T)=t, (18) 

v(l. x) = t,, (19) 

v(z ,  O)= ti. (20) 

The t e m p e r a t u r e  field t ( r , z , r )  is re la ted  to u(r,v) and 
v(z,r)  accord ing  to 

l - -  It u -- Ii V - - t l  

t i - t  I t i - t l  t i - - l l  

The solution to (17)-(20) is well known for  both smal l  
and la rge  values of Fo I = a ~ / l  ~ ([2], p. 85). Multiply- 
ing the solutions to (1)-(4) and (17)-(20),  both taken 

in the fo rm appropr ia te  for  smal l  Fo and Fop we ob-  
tain the solution to (11)-(16). 

NOTATION 

R and r0) outer  and inner  radi i  of the cyl inder ;  u, 
y ,  and t) t empera tu re ;  T) t ime; a) t he rma l  diffusivity; 
l) half  of the height of the finite cyl inder ;  Fo and F o  1 

F o u r i e r  numbers ;  k = R / r  0. 
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